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ON A GENERALIZED FRAÏSSÉ LIMIT CONSTRUCTION
SHUEHI MASUMOTO
Abstract. In this paper, we present a slightly modified version of Fraïssé theory
which is used in [Eag16] and [Mas16]. Using this version, we also show that
every UHF algebra can be recognized as a Fraïssé limit of a class of C*-algebras
of matrix-valued continuous functions on cubes with distinguished traces.
1. Introduction
Fraïssé theory was originally invented by Rolland Fraïssé in [Fra54]. The fun-
damental theorem of this theory claims that there is a bijective correspondence
between the ultra-homogeneous structures and what we call Fraïssé classes. For an
ultra-homogeneous structure, the corresponding Fraïssé class is its age, that is, the
class of all finitely generated substructures; and the ultra-homogeneous structure is
recovered as a generic inductive limit of members of the Fraïssé class, so that it is
called the Fraïssé limit of the class.
This theory has been generalized to the setting of metric structures ([Sch07],
[Ben15]). In [Ben15], a Fraïssé class of metric structures was defined as a class of
finitely generated metric structures which satisfies the axioms called the hereditary
property (HP), the joint embedding property (JEP), the near amalgamation property
(NAP), the Polish property (PP), and the continuity property (CP). Then it was
shown that there is a bijective correspondence between the approximately ultra-
homogeneous structures and the Fraïssé classes as above.
The key idea of the proof of the fundamental theorem in [Ben15] was to use
approximate isomorphisms. If K is a Fraïssé class, then a structure M is called
a K -structure if its age is included in K ; and an approximate K -isomorphism
from a K -structure M into another K -structure N is defined as a bi-Kateˇtov
map from |M| × |N| to [0,∞] which approximately dominates a map of the form
(a, b) 7→ d(ι(a), η(b)), where ι and η are finite partial embeddings of M and N
into some C ∈ K , respectively. Intuitively, an approximate K -isomorphism from
M into N should be thought of as a condition to be imposed on an embedding
of a substructure of M into an extension of a substructure of N . What is impor-
tant is that we can consider compositions of approximate isomorphisms. Namely,
if ϕ is an approximate isomorphism from M1 into M2 and ψ is an approximate
isomorphism from M2 into M3, then one can consider a new approximate isomor-
phism ψϕ from M1 into M3. Thanks to this fact, we can prove that the limits of
two generic inductive systems of members of a Fraïssé class K are isomorphic to
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each other and are ultra-homogeneous, by carrying over a back-and-forth argument
between them via approximate isomorphisms.
In [Eag16], a more relaxed version of Fraïssé theory was considered in order
to recognize several well-known examples of operator algebras as Fraïssé lim-
its. In their definition of Fraïssé classes, the axioms PP and CP were replaced by
weaker conditions called the weak Polish property (WPP) and the Cauchy continu-
ity property (CCP), and the axiom HP was omitted. Corresponding to this change,
the definition of K -structures for a Fraïssé class K was also modified: a struc-
ture M is said to be a K -structure if it is an inductive limit of members of K .
Then it was claimed that every Fraïssé class has its limit, that is, for every Fraïssé
class K , there exists a unique K -structure M which is approximately K -ultra-
homogeneous in the sense that if ι1, ι2 are two embeddings of a member A of K ,
then for any finite subset F ⊆ |A| and any ε > 0 there exists an automorphism α
of M with d(α ◦ ι1(a), ι2(a)) < ε for all a ∈ F. The proof of this claim was not
presented in [Eag16], because it was thought that the proof of [Ben15] would still
work almost verbatim in this setting.
In order to adopt the proof of [Ben15], we first have to guess what is the ap-
propriate definition of approximate isomorphisms in this relaxed setting. One of
the candidates would be the same definition as the original one in [Ben15], but
this does not seem to work, because within this setting one can no longer prove in
the same way as [Ben15] that compositions of approximate isomorphisms between
K -structures are approximate isomorphisms (see Remark 4.8). This is a fatal gap,
because this property is used to establish the existence and uniqueness of a limit of
a Fraïssé class.
In this paper, we reconstruct the theory presented in [Eag16] and reveal the cor-
rect form of the fundamental theorem. Because of the gap explained in the previous
paragraph, it turns out that the concept of K -structures should have been more
complicated, and the homogeneity property the generic limit satisfies is weaker
than the original claim.
Simultaneously, we slightly generalize the theory so that we can deal with cat-
egories. The motivation of this generalization is the following. In [Eag16], the
Jiang–Su algebra Z was recognized as a Fraïssé limit of the class of prime dimen-
sion drop algebras with distinguished faithful traces. An alternative proof of this
fact was given in [Mas16], which was based on the fact that every unital embedding
between dimension drop algebras is approximately diagonalizable. These results
led to the prospect of giving a short proof of the fact that the Jiang–Su algebra is
tensorially self-absorbing (i.e. Z⊗Z ≃ Z), and the first step of such a short proof
was expected to be showing that the class of tensor products of dimension drop
algebras with distinguished faithful traces is also a Fraïssé class. For this, if we
adopt the same strategy as [Mas16], then we should first show the statement that
every unital embedding between tensor products of dimension drop algebras is ap-
proximately diagonalizable, which turns out to be false (cf. Remark 5.1). A natural
solution to this problem would be simply restricting embeddings to approximately
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diagonalizable ones, so that the object under consideration would not be a class but
a category.
We should note that there is another research on Fraïssé theory for categories by
Wiesław Kubis´ [Kub13]. His theory is developed within the theory of categories
enriched over metric spaces, while our approach is based on the work by Itaï Ben
Yaacov [Ben15].
This paper is organized as follows. In the second section, we recall the definition
and properties of approximate isometries. The third section is devoted to metric
structures and approximate isomorphisms. The existence and uniqueness of the
Fraïssé limit is shown in the fourth section. The fifth section contains an application
of this theory to UHF algebras.
2. Approximate isometries
In this section, we recall the definition and properties of approximate isome-
tries. Our handling of them is based on [Ben15]. Proofs are reproduced for the
convenience of the reader.
Let X and Y be metric spaces. We denote by JE(X, Y) the set of all pairs (ι, η),
where ι : X → Z and η : Y → Z are isometries into some metric space Z. Each
element of JE(X, Y) is called a joint embedding of X and Y .
Definition 2.1. (1) Let X be a metric space. A map ϕ : X → [0,∞] is said to be
Kateˇtov if it satisfies the inequalities
ϕ(x) ≤ dX(x, x′) + ϕ(x′), dX(x, x′) ≤ ϕ(x) + ϕ(x′)
for all x, x′ ∈ X.
(2) Suppose that X and Y are metric spaces. An approximate isometry from X
to Y is a map ϕ : X × Y → [0,∞] which is separately Kateˇtov. The class of all
approximate isometries from X to Y is denoted by Apx(X, Y). Note that, being
a closed subset of [0,∞]X×Y , the space Apx(X, Y) is compact and Hausdorff with
respect to the topology of pointwise convergence.
Intuitively, an approximate isometry is a condition to be imposed on joint em-
beddings. A joint embedding (ι, η) ∈ JE(X, Y) is said to satisfy an approximate
isometry ϕ from X to Y if the inequality
d(ι(x), η(y)) ≤ ϕ(x, y)
holds for all x ∈ X and y ∈ Y . We shall denote by JE≤ϕ(X, Y) the class of all joint
embeddings satisfying ϕ. Clearly, the condition ϕ ≡ ∞ is the weakest condition.
Note that if an approximate isometry ϕ from X to Y takes a finite value at some
point, then it is real-valued, because if ϕ(x0, y0) < ∞, then
ϕ(x, y) ≤ dX(x, x0) + ϕ(x0, y0) + d(y0, y) < ∞.
Example 2.2. (1) For a joint embedding (ι, η) of X and Y , the map
(x, y) 7→ d(ι(x), η(y))
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itself is an approximate isometry. We shall denote this approximate isometry by
ϕι,η. If η is equal to idY , then ϕι,η is simply written as ϕι.
We shall show that every approximate isometry is of this form unless it is equal
to ∞. To see this, let ϕ : X × Y → [0,∞) be an approximate isometry and define a
symmetric function δ : (X ∐Y)2 → [0,∞) by
δ(z, z′) =

dX(z, z′) if z, z′ ∈ X,
ϕ(z, z′) if z ∈ X and z′ ∈ Y ,
dY (z, z′) if z, z′ ∈ Y.
Then it is easy to see that δ is a pseudo-metric. If ι and η are canonical embeddings
of X and Y into the quotient metric space X ∐ϕ Y , then d(ι(x), η(y)) = ϕ(x, y), as
desired. It follows that, for any approximate isometries ϕ and ψ from X to Y , the
inequality ϕ ≤ ψ holds if and only if JE≤ϕ(X, Y) is included in JE≤ψ(X, Y), so the
order ≤ completely reflects the strength of conditions.
Note that a net {ια} of isometries from X into Y converges pointwise to an isom-
etry ι if and only if {ϕια} converges to ϕι. Indeed, if {ια} converges to ι, then
ϕια(x, y) = d
(
ια(x), y)→ d(ι(x), y) = ϕι(x, y)
for all x ∈ X and y ∈ Y . Conversely, if {ϕια} converges to ϕι, then for any x ∈ X we
have
d(ια(x), ι(x)) = ϕια(x, ι(x))→ ϕι(x, ι(x)) = d(ι(x), ι(x)) = 0.
(2) If ϕ is an approximate isometry from X to Y , then
ϕ∗(y, x) := ϕ(x, y)
defines an approximate isometry ϕ∗ from Y to X.
(3) Given ϕ ∈ Apx(X, Y) and ψ ∈ Apx(Y, Z), we define their composition by
ψϕ(x, z) := inf
y∈Y
(
ϕ(x, y) + ψ(y, z)).
Here, we shall check that ψϕ is an approximate isometry from X to Z. Indeed, if x
and x′ are points of X, then
ψϕ(x, z) = inf
y∈Y
(
ϕ(x, y) + ψ(y, z))
≤ inf
y∈Y
(d(x, x′) + ϕ(x′, y) + ψ(y, z))
= d(x, x′) + ψϕ(x′z)
and
d(x, x′) ≤ inf
y,y′∈Y
(
ϕ(x, y) + d(y, y′) + ϕ(x′, y′))
≤ inf
y,y′∈Y
(
ϕ(x, y) + ψ(y, z) + ϕ(x′, y′) + ψ(y′, z))
= ψϕ(x, z) + ψϕ(x′z),
so ψϕ( · , z) is Kateˇtov for all z ∈ Z. By symmetry ψϕ(x, · ) is also Kateˇtov for all
x ∈ X, so ψϕ is an approximate isometry.
It is worth noting that if (ι1, ι2) ∈ JE≤ϕ(X, Y) and (ι2, ι3) ∈ JE≤ψ(Y, Z), then
(ι1, ι3) ∈ JE≤ψϕ(X, Z), and ψϕ is the smallest approximate isometry satisfying this
ON A GENERALIZED FRAÏSSÉ LIMIT CONSTRUCTION 5
property. Also, it can be easily seen that the equality ϕι,η = ϕ∗ηϕι holds for any joint
embedding (ι, η).
(4) Let X′ ⊆ X and Y ′ ⊆ Y be subspaces. If ϕ is an approximate isometry from X to
Y , then its restriction ϕ|X′×Y′ is an approximate isometry from X′ to Y ′. Note that,
if ι : X′ → X and η : Y ′ → Y are the canonical embeddings, then ϕ|X′×Y′ is equal to
ϕ∗ηϕϕι. Now suppose that ψ is an approximate isometry from X′ to Y ′. The trivial
extension of ψ to X × Y is defined by ψ|X×Y := ϕηψϕ∗ι . It is easy to show that ψ|X×Y
is the largest approximate isometry such that the restriction to X′ × Y ′ is equal to
ψ. More generally, an approximate isometry θ from X to Y satisfies θ ≤ ψ|X×Y if
and only if θ|X′×Y′ ≤ ψ.
(5) If ϕ is an approximate isometry from X to Y and ε is a non-negative real num-
ber, then the relaxation of ϕ by ε is defined by (x, y) 7→ ϕ(x, y) + ε. We simply
denote this approximate isometry by ϕ+ ε. Note that the operation of taking relax-
ations commutes with compositions.
Definition 2.3. An approximate isometry ϕ from X to Y is said to be
• ε-total if ϕ∗ϕ ≤ ϕidX + 2ε.
• ε-surjective if ϕ∗ is ε-total.
• ε-bijective if ϕ is ε-total and ε-surjective.
If ϕ and ψ are approximate isometries from X to Y with ψ ≤ ϕ, then clearly
ψ∗ψ ≤ ϕ∗ϕ. Therefore, if ϕ is ε-total, then so is ψ. Similarly, if ϕ is ε-surjective,
then so is ψ.
Proposition 2.4. An approximate isometry ϕ from X to Y is ε-total if and only if
any (ι, η) ∈ JE≤ϕ(X, Y) satisfies d(ι(x), η[Y]) ≤ ε for each x ∈ X. In particular, if Y
is complete and ϕ is ε-total for any ε, then it is of the form ϕι for a unique isometry
ι : X → Y.
Proof. Suppose that ϕ is ε-total and let (ι, η) be in JE≤ϕ(X, Y). Then, for any x ∈ X,
we have
2 inf
y∈Y
d(ι(x), η(y)) ≤ inf
y∈Y
(
ϕ(x, y) + ϕ∗(y, x)) = ϕ∗ϕ(x, x)
≤ ϕid(x, x) + 2ε = 2ε,
so d(ι(x), η[Y]) ≤ ε.
Conversely, suppose that d(ι(x), η[Y]) ≤ ε holds for any (ι, η) ∈ JE≤ϕ(X, Y) and
any x ∈ X. Then ϕ . ∞, so it is of the form ϕι,η, and
ϕ∗ϕ(x, x′) = inf
y∈Y
(d(ι(x), η(y)) + d(η(y), ι(x′)))
≤ d(x, x′) + 2 inf
y∈Y
d(ι(x), η(y))
≤ ϕid(x, x′) + 2ε.

Let ϕ be an approximate isometry from X to Y . We set
Apx≤ϕ(X, Y) := {ψ ∈ Apx(X, Y) | ψ ≤ ϕ}.
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We also denote by Apx⊳ϕ(X, Y) the interior of the closed subset Apx≤ϕ(X, Y) of the
compact Hausdorff space Apx(X, Y), and write ψ ⊳ ϕ or ϕ ⊲ ψ if ψ belongs to
Apx⊳ϕ(X, Y). If Apx⊳ϕ(X, Y) is nonempty, then ϕ is said to be strict. The class of
all strict approximate isometries is denoted by Stx(X, Y).
It can be easily verified that the relation ⊳ is preserved under restrictions and
trivial extensions. In particular, restrictions and trivial extensions of a strict ap-
proximate isometries are strict.
Proposition 2.5. For ϕ, ψ ∈ Apx(X, Y), the following are equivalent.
(i) The relation ψ ⊳ ϕ holds.
(ii) There exist finite subsets X0 ⊆ X and Y0 ⊆ Y and a positive real number ε such
that the inequality ϕ ≥ (ψ|X0×Y0 )|X×Y + ε holds.
(iii) Same as (ii), with ≥ replaced by ⊲.
Moreover, if these conditions are satisfied, then there exist then there exist finite
subsets X0 ⊆ X and Y0 ⊆ Y and a rational-valued approximate isometry ρ ∈
Apx(X0, Y0) such that the relation ψ ⊳ ρ|X×Y ⊳ φ holds.
Proof. First, suppose (i) holds. Then there exist finite subsets X0 ⊆ X and Y0 ⊆ Y
and a positive real number ε such that the open neighborhood
U :=
{
ψ′ ∈ Apx(X, Y)
∣∣∣ |ψ′(x, y) − ψ(x, y)| < 2ε for any x ∈ X0, y ∈ Y0}
is included in Apx≤ϕ(X, Y). Clearly (ψ|X0×Y0)|X×Y + ε belongs to U, so (iii) follows.
It is trivial that (iii) implies (ii). Now assume (ii). Since ⊳ is preserved under
trivial extensions, the relation ψ|X0×Y0 ⊳ ψ|X0×Y0 + ε implies
ψ ≤ (ψ|X0×Y0)|X×Y ⊳ (ψ|X0×Y0 )|X×Y + ε ≤ ϕ,
so (i) holds.
Finally, in order to find ρ as in the statement, suppose ψ ⊳ ϕ. Let X0, Y0 be as in
the proof of (i) ⇒ (iii) above, and F1, . . . , Fn be the partition of X0 ×Y0 induced by
ψ. Without loss of generality, we may assume ψ|F1 < · · · < ψ|Fn . Take a function
δ : X0 × Y0 → (0, ε) so that
• δ is constant on each Fi;
• δ|Fn < ψ|Fn − ψ|Fn−1 ;
• δ|Fi < min{δ|Fi+1 , ψ|Fi − ψ|Fi−1 } for i = 2, . . . , n − 1;
• δ|F1 < min{δ|F2 , ψ|F1 }; and
• ρ := ψ|X0×Y0 − δ + ε is a rational valued function on X0 × Y0.
We shall check that ρ is separately Kateˇtov so that it is an approximate isometry.
The inequality
d(x, x′) ≤ ρ(x, y) + ρ(x′, y)
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is obvious, because ρ ≥ ψ|X0×Y0 . On the other hand, for (x, y) ∈ Fi and (x′, y) ∈ F j
with i < j, we have
ρ(x, y) = ψ|Fi + ε − δ|Fi
= ψ|F j + ε − δ|F j −
[((ψ|F j − ψ|Fi ) − δF j) + δ|Fi ]
≤ ψ|F j + ε − δ|F j = ρ(x′, y)
≤ d(x, x′) + ρ(x′, y)
and
ρ(x′, y) = ψ(x′, y) + ε − δ|F j
≤ d(x′, x) + ψ(x, y) + ε − δ|Fi
= d(x′, x) + ρ(x, y),
so ρ( · , y) is Kateˇtov for each y ∈ Y0. By symmetry, ρ(x, · ) is also Kateˇtov, whence
ρ is an approximate isometry. Since clearly
ψ|X0×Y0 ⊳ ρ ⊳ ϕ|X0×Y0 ,
the conclusion follows. 
Lemma 2.6. Let X, Y be metric spaces and X0, X′0 ⊆ X and Y0, Y
′
0 ⊆ Y be finite
subsets. If X′0 and Y ′0 are included in the ε/5-neighborhoods of X0 and Y0 respec-
tively, then for any ϕ ∈ Apx(X, Y), the inequality
(ϕ|X0×Y0)|X×Y + ε/5 ≤ (ϕ|X′0×Y′0)|X×Y + ε
holds.
Proof. For x′ ∈ X′0 and y′ ∈ Y ′0, there exist x ∈ X0 and y ∈ Y0 with d(x′, x) < ε/5
and d(y′, y) < ε/5, so we have
(ϕ|X0×Y0 )|X×Y(x′, y′) + ε/5 ≤ d(x′, x) + (ϕ|X0×Y0)|X×Y(x, y) + d(y, y′) + ε/5
= d(x′, x) + ϕ(x, y) + d(y, y′) + ε/5
≤ 2d(x′, x) + ϕ(x′, y′) + 2d(y, y′) + ε/5
≤ ϕ(x′, y′) + ε.

3. Metric structures and approximate isomorphisms
In this section, we recall the definition of metric structures and investigate fun-
damental properties of approximate isomorphisms. All the discussions are parallel
to [Ben15].
By definition, a language is a set L such that each element of L is either a
function symbol or a relation symbol. To each symbol S is associated a natural
number nS , which is called the arity of S , and a symbol with arity n is called an
n-ary symbol. A 0-ary function symbol is often called a constant symbol.
An L-structure M is a complete metric structure M, which is called the domain
of M, together with an interpretation of symbols of L:
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• to each n-ary relation symbol R is assigned a continuous map RM from Mn to R;
and
• to each n-ary function symbol f is assigned a continuous map fM from Mn to
M.
For an L-structure M, we shall denote its domain by |M|.
An L-embedding of an L-structure N into another L-structure M is an isometry
ι from |N| into |M| such that
• for any n-ary relation symbol R and any elements a1, . . . , an ∈ |N|, the equation
RN (a1, . . . , an) = RM(ι(a1), . . . , ι(an))
holds, and
• for any n-ary function symbol f and any elements a1, . . . , an ∈ |N|, the equation
ι
( fN (a1, . . . , an)) = fM(ι(a1), . . . , ι(an))
holds.
For an L-embedding ι : N →M and a tuple a¯ = (a1, . . . , an) ∈ |N|n, we shall write
the tuple
(
ι(a1), . . . , ι(an)) ∈ |M|n as ι(a¯).
For a subset E of an L-structure M, the L-substructure generated by E is denoted
by 〈E〉. If it coincides with M, then E is said to be a generator of M. If M
is generated by a finite subset, then M is said to be finitely generated. A tuple
a¯ = (a1, . . . , an) ∈ |M|n is an ordered generator if {ai | i = 1, . . . , n} is a generator
of M.
In the sequel, we fix a language L and a category K of finitely generated L-
structures and L-embeddings. Embeddings and isomorphisms in Mor(K ) are of-
ten referred to as K -embeddings and K -isomorphisms respectively. A joint K -
embedding is a joint embedding (ι, η) such that both ι and η are K -embeddings.
We denote by JEK (A,B) the class of all joint K -embeddings of A and B.
Definition 3.1. (1) Let A,B be objects of K and ι : A d B be a finite partial
isometry, that is, an isometry between finite subsets of |A| and |B|. Then ι is called
a finite partial K -isomorphism if
• the L-substructures 〈dom ι〉 and 〈ran ι〉 are objects of K ;
• the canonical embeddings 〈dom ι〉 → A and 〈ran ι〉 → B are K -embeddings;
and
• ι extends to a K -isomorphism from 〈dom ι〉 onto 〈ran ι〉.
(2) Let A,B be objects of K . We denote by Apx2,K (A,B) the set of all approx-
imate isometries from |A| to |B| which are of the form ϕι,η|A×B, where ι : A d C
and η : Bd C are finite partial K -isomorphisms into some object C of K .
(3) A K -structure is an L-structure M together with an inductive system of K -
embeddings
A1
ι1 // A2
ι2 // A3
ι3 // · · ·
such that the inductive limit of the system as an L-structure is M. We often write
M =
⋃
n An, identifying each An as the corresponding L-substructure of M. Note
that M is not necessarily an object of K .
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(4) For K -structures M = ⋃n An and N = ⋃m Bm, we define
ApxK (M,N) := cl
(⋃
n,m
{
ψ
∣∣∣ ∃ϕ ∈ Apx2,K (An,Bm), ψ ≥ ϕ|M×N })
and call its elements approximate K -isomorphisms. Also, we set
Apx≤ϕ
K
(M,N) := ApxK (M,N) ∩Apx≤ϕ(|M|, |N|),
Apx⊳ϕ
K
(M,N) := ApxK (M,N) ∩Apx⊳ϕ(|M|, |N|).
If Apx⊳ϕ
K
(M,N) is nonempty, then ϕ is said to be strict. We denote the set of strict
approximate K -isomorphisms from M to N by StxK (M,N).
(5) An L-embedding ι of a K -structure M = ⋃n An into another K -structure
N =
⋃
m Bn is said to be K -admissible if the corresponding approximate isometry
ϕι belongs to ApxK (M,N). Two K -structures are understood to be isomorphic
if there exists a K -admissible isomorphism between them.
An object A of K can be canonically identified with a K -structure obtained
from the inductive system
A
id // A
id // · · · ,
so that we can consider ApxK (A,B) for objects A,B of K . If A,B,C are objects
of K and ι : A → C and η : B → C are K -embeddings, then ϕι,η belongs to
ApxK (A,B), because it is the limit of{(ϕι,η|A0×B0)|A×B ∣∣∣ A0 ⊆ |A|, B0 ⊆ |B| are finite generators} ⊆ Apx2,K (A,B).
In particular, every K -embedding is K -admissible. On the other hand, note that
there might be a K -admissible isomorphism between objects of K which is not
a morphism of K . There can be even a K -admissible ι : A→ B such that no net
of K -embeddings of A into B converges to ι.
For any approximate K -isomorphism ϕ from M to N , the set Apx⊳ϕ
K
(M,N) is
obviously included in the relative interior of Apx≤ϕ
K
(M,N) in ApxK (M,N). The
opposite inclusion also holds, because any relative interior point ψ in Apx≤ϕ
K
(M,N)
satisfies (ii) in Proposition 2.5.
Given a subset A of Apx(X, Y), we shall define
A↑ := {ψ ∈ Apx(X, Y) | ∃ϕ ∈ A, ψ ≥ ϕ}.
Then it can be shown that cl(A↑) is still upward closed, that is, cl(A↑)↑ = cl(A↑).
Indeed, if ϕ ≥ ϕ′ for ϕ′ ∈ cl(A↑), then for any ε > 0 and any finite subsets
X0 ⊆ X and Y0 ⊆ Y , we can find an approximate isometry ψ ∈ A↑ such that
the inequality |ψ − ϕ′| < ε on X0 × Y0 holds. It follows that (ϕ|X0×Y0)X×Y + ε is
in A↑, so ϕ is in cl(A↑). In particular, ApxK (M,N) is upward closed for any
K -structures M =
⋃
n An and N =
⋃
m Bm. This argument also implies that
StxK (M,N) is topologically dense in ApxK (M,N), since for any approximate
K -isomorphism ϕ, it automatically follows that the approximate isometries of
the form (ϕ|M0×N0)M×N + ε are indeed strict approximate isomorphisms, where
M0 ⊆ |M| and N0 ⊆ |N| are arbitrary finite subsets and ε is any positive real
number.
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Definition 3.2. The category K is said to satisfy
• the joint embedding property (JEP) if JEK (A,B) is nonempty for any objects
A,B of K .
• the near amalgamation property (NAP) if for any objects A,B1,B2 in K , any
K -embeddings ιi : A → Bi, any finite subset F ⊆ |A| and any ε > 0, there
exists a joint K -embedding (η1, η2) of B1 and B2 such that the inequality
d(η1 ◦ ι1(a), η2 ◦ ι2(a)) < ε
holds for all a ∈ F.
The following propositions are essential in proving the existence and unique-
ness of Fraïssé limits in the next section. In fact, the gap of the theory presented
in [Eag16] is also related to these propositions, as is explained in Remark 4.8.
Proposition 3.3. Suppose that K satisfies NAP. Then for any objects A,B of K
and any strict approximate K -isomorphism ϕ from A to B, there exists a joint
K -embedding (ι, η) of A and B satisfying ϕι,η ⊳ ϕ.
Proof. Since ϕ is strict, Apx⊳ϕ
K
(A,B) is an open nonempty subset of ApxK (A,B).
Therefore, it intersects with Apx2,K (A,B), as Apx2,K (A,B)↑ is a dense subset.
In other words, there exist an object C0 of K and finite partial K -isomorphisms
ι0 : A d C0 and η0 : B d C0 such that the relation ϕι0,η0 |A×B + ε ⊳ ϕ holds for
some ε > 0. Put A0 := 〈dom ι0〉 and B0 := 〈dom η0〉. By the definition of finite
partial K -isomorphisms, the canonical embeddings A0 → A and B0 → B are
K -embeddings.
Now, by NAP there exist K -embeddings ι1 : A → CA and ι′1 : C0 → CA such
that the inequality d(ι1(a), ι′1◦ι0(a)) < ε/3 holds for all a ∈ dom ι0. Similarly, there
are K -embeddings η1 : B → CB and η′1 : C0 → CB with d
(
η1(b), η′1 ◦ η(b)
)
< ε/3
for all b ∈ dom η0. Then, again by NAP, there exist K -embeddings ι2 : CA → C
and η2 : CB → C with d
(
ι2 ◦ ι
′
1(c), η2 ◦ η′1(c)
)
< ε/3 for any c ∈ ran ι0 ∪ ran ι0.
A0
  //
ι0
✤
✤
✤
A
ι1

B0
η0 //❴❴❴
_

C0
ι′1 //
η′1

CA
ι2

B
η1 // CB
η2 // C
Set ι := ι2 ◦ ι1 and η := η2 ◦ η1. Then for a ∈ dom ι0 and b ∈ dom η0, we have
d(ι(a), η(b)) = d(ι2 ◦ ι1(a), η2 ◦ η1(b))
≤ d(ι2 ◦ ι′1 ◦ ι0(a), η2 ◦ η′1 ◦ η0(b)) + 2ε/3
≤ d(ι2 ◦ ι′1 ◦ ι0(a), ι2 ◦ ι′1 ◦ η0(b)) + ε = d(ι0(a), η0(b)) + ε,
so ϕι,η ≤ ϕι0,η0 |
A×B
+ ε ⊳ ϕ, as desired. 
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Proposition 3.4. Let M1 =
⋃
l Al, M2 =
⋃
m Bm and M3 =
⋃
n Cn be K -
structures. If ϕ and ψ belongs to ApxK (M1,M2) and ApxK (M2,M3) respec-
tively, then the composition ψϕ is in ApxK (M1,M3).
Proof. First, assume that both ϕ and ψ are strict and M1, M2, M3 are objects
of K . Then, by Proposition 3.3, there exist objects D and E of K and K -
embeddings ιi : Mi → D (i = 1, 2) and η j : M j → E ( j = 2, 3) such that ϕι1,ι2 ⊳ ϕ
and ϕη2,η3 ⊳ ψ. It follows from Proposition 2.5 that there exist a finite subset
F0 ⊆ |M2| and a positive real number ε > 0 with
(ϕι1,ι2 |M1×F0 )|M1×M2 + ε ⊳ ϕ, (ϕη2,η3 |F0×M3 )|M2×M3 + ε ⊳ ψ.
By NAP, we can find K -embeddings θ1 : D → F and θ2 : E → F such that the
inequality d(θ1 ◦ ι2(b), θ2 ◦ η2(b)) < 2ε holds for all b ∈ F0.
M1
ι1

M2
ι2 //
η2

D
θ1

M3
η3 // E
θ2 // F
For a ∈ |M1| and c ∈ |M3|, we have
d(θ1 ◦ ι1(a), θ2 ◦ η3(c))
≤ inf
b∈F0
[
d(θ1 ◦ ι1(a), θ1 ◦ ι2(b)) + d(θ1 ◦ ι2(b), θ2 ◦ η3(c))]
< inf
b∈F0
[
d(θ1 ◦ ι1(a), θ1 ◦ ι2(b)) + d(θ2 ◦ η2(b), θ2 ◦ η3(c)) + 2ε]
=
(
ϕη2,η3 |F0×M3 + ε
)(
ϕι1,ι2 |M1×F0 + ε
)(a, c),
so
ϕθ1◦ι1,θ2◦η3 ≤
[(
ϕη2,η3 |F0×M3 + ε
)
|M2×M3
][(
ϕι1,ι2 |M1×F0 + ε
)
|M1×M2
]
≤ ψϕ.
Since ϕθ1◦ι1,θ2◦η3 is in ApxK (M1,M3), so is ψϕ.
Next, assume that both ϕ and ψ are still strict, but M1, M2 and M3 are general
K -structures. Then there exist sufficiently large l,m,m′, n ∈ N and approximate
K -isomorphisms ϕ′ from Al to Bm and ψ′ from Bm′ to Cn with ϕ′|M1×M2 ⊳ ϕ
and ψ′|M2×M3 ⊳ ψ. We may assume without loss of generality that m is equal
to m′, since in general, if ι : A → A′ and η : B → B′ are K -embeddings,
then one can directly check from the definition that the trivial extension of an ap-
proximate K -isomorphism in Apx2,K (A,B) via these K -embeddings belong to
Apx2,K (A′,B′). Also, we may assume that both ϕ′ and ψ′ are strict by Proposi-
tion 2.5. By what we proved in the preceding paragraph, ψ′ϕ′ is in ApxK (Al,Cn).
By direct computation, one can check that
(ψ′|M2×M3)(ϕ′|M1×M2) = (ψ′ϕ)|M1×M3 ,
so ψϕ is in ApxK (M1,M3).
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Finally, let ϕ and ψ be general approximate K -isomorphisms between gen-
eral K -structures. Then there exist nets {ϕα} and {ψβ} of strict approximate K -
isomorphisms which converge to ϕ and ψ respectively, and
ψϕ = (lim
β
ψβ)(lim
α
ϕα) ≥ lim
α,β
(ψβϕα) ∈ ApxK (M1,M3),
so ψϕ belongs to ApxK (M1,M3). 
Corollary 3.5. Extensions and restrictions of approximate K -isomorphisms via
K -admissible embeddings are approximate K -isomorphisms.
4. Frai¨sse´ categories and their limits
Let L be a language and K be a category of finitely generated L-structures and
L-embeddings with JEP and NAP. For each n ∈ N, we denote by Kn the class of
all pairs 〈A, a¯〉, where A is an object of K and a¯ is an ordered generator of A. We
simply write 〈a¯〉 instead of 〈A, a¯〉 when there is no danger of confusion.
For each n, we consider a pseudo-metric on Kn defined by
dK (〈a¯〉, 〈¯b〉) := inf{max
i
ϕ(ai, bi)
∣∣∣ ϕ ∈ ApxK (〈a¯〉, 〈¯b〉)}
= inf{max
i
ϕ(ai, bi)
∣∣∣ ϕ ∈ StxK (〈a¯〉, 〈¯b〉)}
= inf
{
max
i
d(ι(ai), η(bi)) ∣∣∣ (ι, η) ∈ JEK (〈a¯〉, 〈¯b〉)},
where ai and bi denotes the i-th component of a¯ and ¯b respectively. The fact that
dK is indeed a pseudo-metric follows from JEP and NAP.
Definition 4.1. The category K is said to satisfy
• the weak Polish property (WPP) if Kn is separable with respect to the pseudo-
metric dK for each n.
• the Cauchy continuity property (CCP) if
(i) for any n-ary predicate symbol P in L, the map〈
A, (a¯, ¯b)〉 7→ PA(a¯)
from Kn+m into R sends Cauchy sequences into Cauchy sequences; and
(ii) for any n-ary function symbol f in L, the map〈
A, (a¯, ¯b)〉 7→ 〈A, (a¯, ¯b, fA(a¯))〉
from Kn+m into Kn+m+1 sends Cauchy sequences into Cauchy sequences.
Remark 4.2. If K satisfies CCP, then dK (〈a¯〉, 〈¯b〉) is equal to zero if and only
if there exists a K -admissible isomorphism from 〈a¯〉 onto 〈¯b〉 which sends ai to
bi. To see this, first suppose that the map ai 7→ bi extends to a K -admissible
isomorphism ι. Then (ϕι|a¯×¯b)|〈a¯〉×〈¯b〉 + ε belongs to StxK
(
〈a¯〉, 〈¯b〉), and
dK (〈a¯〉, 〈¯b〉) ≤ (ϕι|a¯×¯b)|〈a¯〉×〈¯b〉(ai, bi) + ε = ε
for arbitrary ε > 0. Conversely, suppose dK (〈a¯〉, 〈¯b〉) = 0. Let Da¯ be the set
of all elements of 〈a¯〉 of the form g(a¯), where g is a composition of functions
equipped with 〈a¯〉, and D
¯b be the set obtained from 〈¯b〉 by the same way. Then it
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follows from CCP that the map ai 7→ bi extends to an isometry from Da¯ onto D¯b
and the interpretations of the symbols can be identified via this isometry, so that
it extends to an L-isomorphism ι from 〈a¯〉 onto 〈¯b〉. If c¯ = (g1(a¯), . . . , gn(a¯)) and
¯d = (g1(¯b), . . . , gn(¯b)), then dK (〈a¯, c¯〉, 〈¯b, ¯d〉) = 0 by CCP, so there exists a joint
K -embedding (η1, η2) of 〈a¯, c¯〉 and 〈¯b, ¯d〉 such that the η1(a¯, c¯) and η2(¯b, ¯d) are
arbitrarily close to each other, whence ι is K -admissible.
Definition 4.3. (1) A category K of finitely generated separable L-structures is
called a Fraïssé category if it satisfies JEP, NAP, WPP and CCP.
(2) Let K be a Fraïssé class. A K -structure M is called a Fraïssé limit of K if for
any K -structure N and any strict approximate K -isomorphism ϕ ∈ StxK (N ,M),
there exists a K -admissible embedding ι : N →M with ϕι ⊳ ϕ.
We shall begin with characterizing Fraïssé limits. Fix a Fraïssé class K .
Definition 4.4. A K -structure M is said to be
• K -universal if for any object A of K , there exists a K -admissible embedding
of A into M.
• approximately K -ultra-homogeneous if for any 〈a¯〉 ∈ Kn, any ε > 0 and any
K -admissible embeddings ι, η : 〈a¯〉 → M, there exists a K -admissible auto-
morphism α of M with maxi d
(
α ◦ ι(ai), η(ai)) ≤ ε.
Theorem 4.5. For a K -structure M, the following are equivalent.
(i) The structure M is a Fraïssé limit of K .
(ii) For any object A of K and any ϕ ∈ StxK (A,M), there exists a K -admissible
embedding ι : A→M with ϕι ⊳ ϕ.
(iii) If 〈a¯〉 is in Kn and ϕ is a strict approximate K -isomorphism from 〈a¯〉 to M,
then for any ε > 0 there is an approximate K -isomorphism ψ ∈ Stx⊳ϕ
K
(
〈a¯〉,M
)
such that ψ|a¯×M is ε-total.
(iv) The structure M is K -universal and approximately K -ultra-homogeneous.
Moreover, if a Fraïssé limit exists, then it is unique up to K -admissible isomor-
phisms.
Proof. First, assume that M = ⋃n An and N = ⋃m Bm are K -structures satis-
fying (iii). We shall show that if ϕ is a strict approximate K -isomorphism from
M to N , then there exists a K -admissible isomorphism α from M onto N with
ϕα ⊳ ϕ. Since ϕ is strict, there exist an approximate K -isomorphism ψ from M to
N , finite subsets E ⊆ ⋃n |An| and F ⊆ ⋃m |Bm|, and a positive real number ε ≤ 1
with
(ψ|E×F )|M×N + ε ⊳ ϕ.
Take increasing sequences {Xi} and {Y j} of finite sets such that
• X0 = E and Y0 = F;
• Xi ⊆
⋃
n |An| and Y j ⊆
⋃
m |Bm| for all i, j; and
•
⋃
i Xi and
⋃
j Y j are dense in |M| and |N| respectively.
We claim the existence of a sequence {ψl} of strict approximate K -isomorphisms
form M to N with the following properties.
14 S. MASUMOTO
(a) each ψl is of the form (θ|Xi(l)×Y j(l))|M×N + ε for some θ ∈ ApxK (M,N), where
δl ≤ 2−l and i(l), j(l) ↑ ∞;
(b) ψl+1 ⊳ ψl; and
(c) ψl+1|Xi(l)×N is δl-total if l is even, while ψl+1|M×Yi(l) is δl-surjective if l is odd.
The construction of such a sequence proceeds as following. Set
ψ0 := (ψ|X0×Y0 )||M|×|N| + ε.
Assume l is even and ψl is given. Then, by assumption on N , one can find θ ⊳ ψl
such that θ|Xi(l)×N is δl/2-total. Since (θ|Xi×Y j)|M×N + δ converges to θ as i, j → ∞
and δ → 0, for sufficiently large i(l + 1) > i(l) and j(l + 1) > j(l) and sufficiently
small δl+1 < δl/2, we have
ψl ⊲ (θ|Xi(l+1)×Y j(l+1))|M×N + δl+1.
We let ψl+1 be the right-hand side. Then it is clear that ψl+1|Xi(l)×N is δl-total. The
case l is odd is similar, and the description of the construction of {ψl} is completed.
Now the sequence being decreasing, there exists the limit ψ∞ ∈ Apx⊳ϕK (M,N),
which is clearly of the form ϕα for some isomorphism α : M → N by Proposi-
tion 2.4, as desired.
(iii) ⇒ (i) can be verified by the similar argument as above. Also, (i) ⇒ (ii) ⇒
(iii) is trivial.
(iii) ⇒ (iv). It follows from (iii) ⇒ (ii) that M is K -universal. Let ι, η : 〈a¯〉 →
M be K -admissible embeddings and ε be a positive real number. Then
ϕ :=
((ϕηϕ∗ι )|ι(a¯)×η(a¯))|M×M + ε
is in StxK (M,M), so by what we proved in the first paragraph, one can find a
K -admissible automorphism α of M with ϕα ⊳ ϕ. Since ϕ
(
ι(ai), η(ai)) = ε, the
inequality d(α ◦ ι(ai), η(ai)) ≤ ε follows.
(iv) ⇒ (ii). Suppose that A is an object of K and ϕ is a strict approximate
K -isomorphism from A to M. By assumption, there exists a K -admissible em-
bedding ι : A → M = ⋃n An, so it suffices to show that there is a K -admissible
automorphism α of M with ϕα◦ι ⊳ ϕ, or equivalently, ϕα ⊳ ϕϕ∗ι . To see this, find
sufficiently large n and finite partial K -isomorphisms ι1, ι2 from An into some
object C of K with
(ϕι1,ι2)|M×M + ε ⊳ ϕϕ∗ι .
Since there exists a K -admissible embedding of C intoM, and since M is approx-
imately K -ultra-homogeneous, there exists a K -admissible embedding η : C →
M with d(b, η ◦ ι2(b)) < ε/2 for b ∈ dom ι2. Again by the K -ultra-homogeneity
of M, one can find a K -admissible automorphism α of M such that the inequality
d(α(a), η ◦ ι1(a)) < ε/2 holds for all a ∈ dom ι1. Then
d(α(a), b) ≤ d(α(a), η ◦ ι1(a)) + d(η ◦ ι1(a), η ◦ ι2(b)) + d(η ◦ ι2(b), b)
≤ d(ι1(a), ι2(b)) + ε = ϕι1,ι2(a, b) + ε,
which completes the proof. 
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Next, we shall prove the existence of the Fraïssé limit. For this, we need the
following lemma which claims that, in order to see (iii) in Theorem 4.5, we only
have to check a countable dense part.
Lemma 4.6. Let M be a K -structure and M0 be a countable dense subset of |M|.
Suppose that, for each n ∈ N, a countable dense subset Kn,0 of Kn is given. Then,
in order for M to be the Fraïssé limit of K , it is sufficient that, for any n ∈ N, any
〈a¯〉 ∈ Kn,0, any finite subset F ⊆ M0 and any ϕ ∈ StxK (〈a¯〉,M) which is rational-
valued on a¯ × F, there exists ψ ∈ Apx≤ϕ
K
(
〈a¯〉,M
)
such that ψ|a¯×M is ε-total.
Proof. Let B be an object of K and ϕ be a strict approximate K -isomorphism
from B to M, and take ϕ′ ∈ Stx⊳ϕ
K
(B,M). Then there exists an arbitrarily large
finite subsets F ∈ |B|n and G ⊆ M0 and arbitrarily small ε > 0 with
ϕ′′ := (ϕ′|F×G)|B×M + ε ⊳ ϕ.
Without loss of generality, we may assume that F is a generator of B. Let ¯b =
(b1, . . . , bn) be an enumeration of F. Take 〈a¯〉 ∈ Kn,0 with dK (〈a¯〉, 〈¯b〉) < ε/4 and
find a joint K -embedding (ι, η) of 〈a¯〉 and 〈¯b〉 satisfying maxi ϕι,η(ai, bi) < ε/4.
Then, being a restriction of an extension of a strict approximate K -isomorphism,
ϕ′′ϕι,η is strict, so there exists ψ′ ∈ StxK
(
〈a¯〉,M
)
which is rational-valued on
a¯ × F and satisfies ψ′ ⊳ ϕ′′ϕι,η, by Proposition 2.5. By assumption, we can take
ψ′′ ∈ Apx≤ψ
′
K
(
〈a¯〉,M
)
such that ψ′′|a¯×M is ε/4-total. Then, (ψ′′ϕη,ι)|¯b×M is ε/2-
total, and
(ψ′′ϕη,ι)|¯b×M ≤ (ϕ′′ϕι,ηϕη,ι)|¯b×M ≤ ϕ′′|¯b×M + ε/2,
since ϕη,ι|¯b×〈a¯〉 is ε/4-total. Now take a finite subset H ⊆ |M| such that G is included
in H and (ψ′′ϕη,ι)|¯b×H is 3ε/4-total, and put
ψ :=
((ψ′′ϕη,ι)|¯b×H)|B×M + ε/4.
Then ψ|
¯b×|M| is ε-total, and
ψ ≤ (ϕ′′|
¯b×H)|B×M + 3ε/4 ≤ (ϕ′|F×G)|B×M + ε ⊳ ϕ.
Since this shows that (iii) in Theorem 4.5 holds, it follows that M is the Fraïssé
limit of K . 
Theorem 4.7. Every Fraïssé category has its limit.
Proof. Take a countable dense subset Kn,0 ⊆ Kn for each n. In view of Proposi-
tion 3.3, we can inductively find a K -structure Ak, a K -embedding ιk−1 : Ak−1 →
Ak and a countable dense subset Ak,0 ⊆ |Ak | so that, if 〈a¯〉 is in Kn,0, if F is a finite
subset of Ak,0, and if ϕ is a strict approximate K -isomorphism from 〈a¯〉 to Ak
which is rational-valued on a¯ × F, then there exists a K -embedding ι : 〈a¯〉 → Al
for some l > k with ϕι ⊳ ϕιl,kϕ, where ιl,k denotes the composition of ιk, . . . , ιl−1.
Then the K -structure obtained from the inductive system satisfies the assumption
in the previous lemma, so we are done. 
Remark 4.8. Let K be a Fraïssé category. If every L-embedding between objects
of K is a morphism of K , then K is a Fraïssé class in the sense of [Eag16]. We
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notice that there is a subtle difference between our result (Theorems 4.5 and 4.7)
and [Eag16, Theorem 2.8]. We proved that if M is the limit of a Fraïssé class
K , if ι, η : A → M are K -admissible embedding of an object A of K , and
if F is a finite subset of |A|, then for any ε > 0 there exists a (K -admissible)
automorphism α of M with d(α ◦ ι(a), η(a)) < ε for all a ∈ F. On the other hand,
it is claimed in [Eag16, Definition 2.6 and Theorem 2.8] that even if ι and η are not
K -admissible, one can still find an automorphism with the same property.
In order to obtain the result claimed in [Eag16, Theorem 2.8], one might mod-
ify the definition of approximate K -isomorphisms as following. First, for K -
structures M andN , define Apx′
K ,2(M,N) as the set of all approximate isometries
of the form ϕι,η, where ι and η are finite partial L-isomorphisms from M and ⊆ N
into some A ∈ K such that the structures 〈dom ι〉, 〈ran ι〉, 〈dom η〉 and 〈ran η〉are
in K . Then define Apx′
K
(M,N) as the closure of the set of all approximate
isometries which dominate some element of Apx′
K ,2(M,N). If one could prove
Propositions 3.3 and 3.4 with this modified definition, then one would be able to
obtain the desired result by simply copying the proofs in this paper.
However, with this modified definition, the proof of Proposition 3.4 no longer
works. The problem lies in the second paragraph, where the proof is reduced to the
case that all the relevant structures are objects of K . To see the difficulty, let M1,
M2 and M3 be K -structures, and ϕ ∈ Apx′K (M1,M2) and ψ ∈ Apx′K (M2,M3)
be strict. Then there exist finite partial L-embeddings ιi : Mi d A (i = 1, 2) and
η j : M j d B ( j = 2, 3), where A and B are members of K , and a positive real
number ε such that
ϕ′ := ϕι1,ι2 |
M1×M2+ε ⊳ ϕ, ψ′ := ϕη2,η3 |
M2×M3+ε ⊳ ψ.
It is true that there exists an L-embedding ι of a member C of K into M2 such
that the image of ι almost includes both dom ι2 and dom η1, and in order to reduce
the proof, it is expected to show that the restrictions ϕ∗ι ϕ′ and ψ′ϕι are approximate
isomorphisms in the sense of the modified definition; but how?
Note that with the original definition (i.e., Definition 3.1), this difficulty could be
avoided. This is because we could take ι above so that the image genuinely includes
the domains of both ι2 and η1, whence the restrictions are trivially approximate
isomorphisms.
5. UHF algebras
In this section, we give an application of our theory to C*-algebras. This is a
generalization of the results in Section 3 of [Mas16].
We shall consider the language of unital tracial C*-algebra. The language LTC∗
consists of the following symbols:
• two constant symbols 0 and 1;
• an unary function symbol λ for each λ ∈ C, which are to be interpreted as multi-
plication by λ;
• an unary function symbol ∗ for involution;
• a binary function symbol + and · ;
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• an unary predicate symbol tr.
Then every unital C*-algebra with a distinguished trace can be considered as a
metric LTC∗-structure. Note that the distance we adopt is the norm distance, and
that a map between unital C*-algebras with fixed traces are L-embeddings if and
only if it is a trace-preserving injective ∗-homomorphism.
For non-negative integer p and positive integer n, we shall denote by Ap,n the
C*-algebra C([0, 1]p,Mn) of all n × n matrix-valued functions on [0, 1]p. We note
that there are canonical isomorphisms C([0, 1]p,Mn) ≃ C([0, 1]p)⊗Mn, C([0, 1]p)⊗
C([0, 1]q) ≃ C([0, 1]p+q) and Mn ⊗Mm ≃ Mmn, so that Ap,n ⊗ Aq,m is canonically
isomorphic to Ap+q,mn. Now, for a probability Radon measure µ on [0, 1]p, we can
define a trace τµ on Ap,n by
τµ( f ) :=
∫
tr
( f (t)) dµ(t),
where tr is the normalized trace onMn. It can be easily verified that every trace on
Ap,n is of this form, so that we can identify the traces on Ap,n with the probability
Radon measures on [0, 1]p. Since the group Homeo([0, 1]p) of homeomorphisms
of [0, 1]p canonically acts on the set of probability Radon measures on [0, 1]p, it
also acts on the traces of Ap,n. In the sequel, we only consider the traces which
are in the Homeo([0, 1]p)-orbit of τλ, where λ is the Lebesgue measure. Note that
such traces are faithful.
By definition, a supernatural number is a formal product
ν =
∏
p: prime
pnp ,
where np is either a non-negative integer or ∞ for each p such that
∑
p np = ∞.
Given a supernatural number ν, we shall define a category Kν as following. Let Nν
be the set of all natural numbers which formally divides ν.
• Obj(Kν) is the class of all the pairs of the form 〈Ap,n, τ〉, where n is in Nν and τ
is in the Homeo([0, 1]p)-orbit of τλ.
• MorK
(
〈Ap,n, τ〉, 〈Ap′,n′ , τ
′〉
) is the set of all (unital trace-preserving injective)
diagonalizable ∗-homomorphisms from 〈Ap,n, τ〉 to 〈Ap′,n′ , τ′〉.
Here, a ∗-homomorphism ι from Ap,n to Ap′,n′ is said to be diagonalizable if there
exist a unitary v ∈ Ap′,n′ and continuous functions t1, . . . , tk : [0, 1]p′ → [0, 1]p
such that
ι
( f )(s) = Ad(vs)(diag[ f (t1(s)), . . . , f (tk(s))])
for f ∈ Zp,q and s ∈ [0, 1]p′ , where Ad(v) denotes the inner automorphism of
Ap′,n′ associated to v, and diag[a1, . . . , an] is the block diagonal matrix with ai
as its i-th block. Note that compositions of diagonalizable ∗-homomorphisms are
diagonalizable.
Remark 5.1. Here, we shall give an example of LTC∗-morphism between objects
of Kν which cannot be approximated by diagonalizable ones with respect to point-
norm topology. We assume that 2 is in Nν and use D := {z ∈ C | |z| ≤ 1} instead of
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[0, 1]2. Define t1, t2 : D→ D by
t1(reiθ) := reiθ/2, t2(reiθ) := −reiθ/2 (r ∈ [0, 1], θ ∈ [0, 2pi)).
Also, let u : D→ M2 be a unitary-valued function defined by
u(reiθ) :=

(
eiθ/4 cos θ4 sin
θ
4
−eiθ/4 sin θ4 cos
θ
4
) (
r , 0, θ ∈ [0, pi))
1M2 (r = 0),
and note that u(r) = 1M2 while limθ→2pi−0 u(reiθ) =
(
0 1
1 0
)
if r , 0. Now, given
C(D), consider a matrix-valued function
ϕ( f ) : z 7→ Ad(u(z))(diag[ f (t1(z)), f (t2(z))]).
Clearly this is continuous on the complement of the non-negative part of the real
axis. It is also continuous on the positive part of the real axis, as the switch of the
eigenvalues is offset by the unitary. Finally, it is continuous at the origin, because it
converges to the scalar matrix f (0)1M2 . Therefore, this matrix-valued function be-
longs to C(D,M2), so that ϕ defines a ∗-homomorphism from C(D) into C(D,M2).
We can also easily verify that this is unital, injective, and trace-preserving with
respect to τµ, where µ is the normalized Lebesgue measure on D.
We shall show that the map ϕ not approximately diagonalizable. Indeed, if
ϕ is approximately diagonalizable, then there is a ∗-homomorphism ψ : C(D) →
C(D,M2) of the form
ψ( f ) = Ad(v)(diag[ f ◦ t′1, f ◦ t′2])
for some continuous maps t′1, t
′
2 : D → D and a continuous unitary-valued map ν
which satisfies ‖ϕ(idD) − ψ(idD)‖ < 1/2. It follows that the Hausdorff distance
between {t1(z), t2(z)} and {t′1(z), t′2(z)} is less than 1/2 for all z with |z| = 1, but this
is impossible. We note that this is also a counterexample of [Lin09, Theorem 6.3]
claiming that any unital ∗-homomorphism from C(X) to C(Y,Mn) is approximately
diagonalizable if X is a compact metric space which is a locally absolute retract
and Y is a compact metric space with dim Y ≤ 2.
Lemma 5.2. (i) For any object 〈Ap,n, τ〉 of Kν, there exists a Kν-isomorphism
from 〈Ap,n, τ〉 onto 〈Ap,n, τλ〉.
(ii) For any p, there exists a Kν-embedding from 〈Ap,n, τ〉 into 〈A1,n, τλ〉.
Proof. (i) Let α be the homeomorphism of [0, 1]p with α∗(τλ) = τ. Then the
induced ∗-homomorphism α∗ : f 7→ f ◦ α is the desired one.
(ii) We may assume τ = τλ by (i). It suffices to show the case p = 2. Let
β : [0, 1] → [0, 1]2 be the Hilbert curve [Hil91], which is a surjective continuous
map such that any interval of the form [k/4l, k+1/4l] is sent to a square of the form
[k1/2l, k1+1/2l]×[k2/2l, k2+1/2l], so that β∗(τλ) = τλ. Then the ∗-homomorphism
β∗ : f 7→ f ◦ β is the desired one. 
Lemma 5.3. Suppose that ι1, ι2 : 〈Ap,n, τ〉 → 〈Ap′,n′ , τ〉 are K -embeddings of the
form
ιi( f ) = diag[ f ◦ t1,i, . . . , f ◦ tk,i].
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If the diameter of the range of tl,i is less than δ for all i and l, then there exists a
permutation σ ∈ Sk such that the inequality ‖tl,1 − tσ(l),2‖ < 2δ holds for all l.
Proof. For each l, let S l be the set of all l′ with Im tl,1 ∩ Im tl′ ,2 , ∅. Then, for any
F ⊆ {1, . . . , k}, we have∣∣∣∣⋃
l∈F
S l
∣∣∣∣ = k ∑
l′∈⋃l∈F S l
τ
(
Im tl′,2
)
≥ kτ
(⋃
l∈F
Im tl,1
)
≥ |F|,
since ι1 and ι2 are trace-preserving. By Hall’s marriage theorem there exists a
permutation σ ∈ Sk with tσ(l),2 ∈ S l for all l. Now the inequality ‖tl,1 − tσ(l),2‖ < 2δ
is clear. 
Theorem 5.4. The category Kν is a Fraïssé category.
Proof. JEP is a direct consequence of Lemma 5.2 and the fact that if n divides n′,
then there exists a Kν-embedding from 〈A1,n, τλ〉 to 〈A1,n′ , τλ〉 defined by f 7→
diag[ f , . . . , f ]. For NAP, let ιi be Kν-embeddings from 〈Ap0 ,n0 , τ0〉 into 〈Api,ni , τi〉
for i = 1, 2, and suppose that a finite subset F of Ap0,n0 and a positive real number
ε > 0 are given. Our goal is to find Kν-embeddings ηi from 〈Api,ni , τi〉 into some
object 〈Ap3 ,n3 , τ3〉 such that the inequality d
(
η1 ◦ ι1( f ), η2 ◦ ι2( f )) < ε holds for all
f ∈ F. To see this, take δ > 0 so that |t − t′| < δ implies ‖ f (t) − f (t′)‖ < ε. Apply
JEP to find Kν-embeddings η′i from 〈Api,ni , τi〉 into some object 〈Ap′,n′ , τ′〉. By
Proposition 5.2, we may assume without loss of generality that τ′ = τλ and p′ = 1.
Now, Since η′i ◦ ιi is a Kν-isomorphism, it is of the form
η′i ◦ ιi( f ) = Ad(v′i )
(diag[ f ◦ t′1,i, . . . , f ◦ t′k′ ,i]).
Take sufficiently large natural number m such that n′m is in Nν and |s − s′| < 1/m
implies |t′l,i(s) − t′l,i(s′)| < δ/2 for all l and i. Define rc : [0, 1] → [0, 1] by rc(x) :=
(x + c − 1)/m for c = 1, . . . ,m, and let ρ be a Kν-embedding from 〈A1,n′ , τλ〉 into
〈A1,n′m, τλ〉 of the form
ρ( f ) = diag[ f ◦ r1, . . . , f ◦ rm].
Then ρ ◦ η′i ◦ ιi is of the form
ρ ◦ η′i ιi( f ) = Ad(vi)
(diag[ f ◦ t1,i, . . . , f ◦ tk,i]),
where the diameter of the image of tl,i is less than δ/2 for all l and i. By Lemma 5.3,
we may assume without loss of generality that the inequality ‖tl,1 − tl,2‖ < δ holds
for all l. It can be easily verified that η1 := ρ ◦ η′1 and η2 : Ad(v1v∗2) ◦ ρ ◦ η′2 are the
desired Kν-embeddings.
WPP is clear, because up to Kν-isomorphisms, there are only countable many
objects in Kν. Also, CCP automatically follows from the fact that all the relevant
functions are 1-Lipschitz on the unit ball. 
We shall find a concrete description of the limit of Kν. For this, the following
proposition is useful.
Proposition 5.5. Let K be a Fraïssé class and M = ⋃n An be a K -structure.
Denote by ιk, j the canonical K -embedding from A j into Ak. Suppose that the
following two conditions hold:
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(a) Any object C of K is K -embeddable into An for some n.
(b) Given a finite subset F ⊆ |Ai|, a positive real number ε and a K -embedding
η : Ai → A j for some j > i, one can find k > j and a K -automorphism α ∈ Ak
such that the inequality d(α ◦ ιk, j ◦ η(a), ιk,i(a)) < ε holds for all a ∈ F.
Then M = ⋃n An is the Fraïssé limit of K .
Proof. We shall check (iii) in Theorem 4.5. Let ε be a positive real number, B be
an object of K and ϕ be in StxK (B,M). Then one can find finite subsets F1 ⊆ |B|
and F2 ⊆ |Ai|, an object C of K , and K -embeddings ι : B → C and η : Ai → C
such that the relation (
ϕι,η|F1×F2
)
|B×M ⊳ ϕ
holds. By assumption (a), there exists a K -embedding θ of C into some A j with
j > i. Then one can find a K -automorphism α ∈ Aut(Ak) for some k > j such
that the inequality
d(α ◦ ιk, j ◦ θ ◦ η(a), ιk,i(a)) < ε
holds for all a ∈ F2, by assumption (b). Now, for b ∈ F1 and a ∈ F2, we have
d(α ◦ ιk, j ◦ θ ◦ ι(b), ιk,i(a))
< d(α ◦ ιk, j ◦ θ ◦ ι(b), α ◦ ιk, j ◦ θ ◦ η(a)) + ε
= d(ι(b), η(a)) + ε,
whence
ϕα◦ιk, j◦θ◦ι ≤
(
ϕι,η|F1×F2
)
|B×M ⊳ ϕ,
which completes the proof. 
Corollary 5.6. Let M = ⋃ j〈Ap j,n j , τ j〉 be a Kν-structure and ιk, j denote the
canonical K -embedding from 〈Ap j ,n j , τ j〉 into 〈Apk ,nk , τk〉. Suppose the follow-
ing conditions hold:
(a) p j ≥ 1.
(b) For any n ∈ Nν, there exists j ∈ N such that n divides n j.
(c) For any j ∈ N and ε > 0 there exists k > j such that ιk, j is of the form
ιk, j( f ) = Ad(v)(diag[ f ◦ t1, . . . , f ◦ tm]),
where the diameter of the image of tl is less than ε for all l.
Then M = ⋃ j〈Ap j ,n j , τ j〉 is the Fraïssé limit of Kν.
Proof. This is immediate from Lemmas 5.2 and 5.3 and Proposition 5.5. 
Take an increasing sequence {n j} ⊆ Nν so that (b) in 5.6 is satisfied. Define
ιi : A1,n j → A1,n j+1 as the ∗-homomorphism of the form
ιi( f ) = diag[ f ◦ r1, . . . , f ◦ rm],
where r1, . . . , rm are as in the proof of Theorem 5.4. Then the diagram
〈A1,n1 , τλ〉
ι1 // 〈A1,n2 , τλ〉
ι2 // 〈A1,n3 , τλ〉
ι3 // · · ·
〈Mn1 , tr〉 //
OO
〈Mn2 , tr〉 //
OO
〈Mn3 , tr〉 //
OO
· · ·
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commutes, whereMn j is canonically identified with the C*-subalgebra of constant
functions on the interval [0, 1]. Since the upper inductive system satisfies the as-
sumption of 5.6 and the limit of the lower inductive system is clearly dense in that
of the upper one, it follows that the Fraïssé limit of Kν is isomorphic to the UHF
algebra of type ν as C*-algebras (See [Dav96, Example III.5.1] for the definition).
We conclude this section by showing that all LTC∗-embeddings into the Fraïssé
limit of Kν is indeed Kν-admissible, so that the gap explained in Remark 4.8 disap-
pears in this case. To see this, we use the following lemmas [Dav96, Exercise II.8
and Lemma III.3.2].
Lemma 5.7. Let f be a continuous function on a compact subset X of C. Then,
for any ε > 0, there exists δ > 0 such that if a and b are normal elements of a
C*-algebra A with ‖a − b‖ < δ, then ‖ f (a) − f (b)‖ < ε.
Lemma 5.8. For any ε > 0 and n ∈ N, there exists δ > 0 such that if A and B are
C*-subalgebras of a unital C*-algebra D, if dimA is less than n, and if {e(k)i j } is a
system of matrix units which spans A and satisfies d(e(k)i j ,B) < δ, then there exists
a unitary u in D with ‖u − 1‖ < ε and Ad(u)[A] ⊆ B.
Lemma 5.9. Let {ei j} be the system of standard matrix units of Mn and a be an
element of Mm ⊗Mn satisfying ‖a(1 ⊗ ei j) − (1 ⊗ ei j)a‖ < ε. Then the inequality
‖a −
(
1 ⊗ tr
)(a)‖ < n2ε holds.
Proof. If a is represented as ∑ ai j ⊗ ei j, then one can easily verify the inequality
‖ai j ⊗ ei j − δi j
∑
k
akk ⊗ ekk/n‖ < ε,
from which the conclusion follows. 
Theorem 5.10. Every L-embedding from an object of Kν into the Fraïssé limit of
Kν is Kν-admissible.
Proof. LetM be the Fraïssé limit of Kν and ι : 〈Ap,n, τ〉 → M be an L-embedding.
Our goal is to show that ι can be approximated by K -embeddings with respect to
the topology of pointwise convergence. For simplicity, we only show the case
p = 1 and τ = τλ. Set
G := {1 ⊗ ei j | i, j = 1, . . . n} ∪ {id[0,1] ⊗1} ⊆ C[0, 1] ⊗Mn ≃ A1,n,
where {ei j} is the system of standard matrix units of Mn, and note that G is a gen-
erator of A1,n. Given ε > 0, it suffices to find a K -embedding η of 〈A1,n, τλ〉 into
M satisfying ‖ι(g) − η(g)‖ < ε for all g ∈ G. For this, take N ∈ N with 1/N < ε/6
and nN ∈ Nν. For c, d ∈ N with 0 ≤ c < d ≤ N, define a continuous function fc,d
on [0, 1] by
fc,d(t) :=

0 (t < [(c − 1)/N, (d + 1)/N])
1 (t ∈ [c/N, d/N])
Nt − c + 1 (t ∈ [(c − 1)/N, c/N])
−Nt + d − 1 (t ∈ [d/N, (d + 1)/N]).
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Then by Lemma 5.7, there exists positive δ < ε/2 such that if a is a normal element
of M with ‖a − ι(id[0,1] ⊗1)‖ < δ, then the inequality ‖ fc,d(a) − ι( fc,d ⊗ 1)‖ < 1/N
holds for all c, d ∈ N with 0 ≤ c < d ≤ N. Take such δ and set δ′ := δ/(6n2 + 1).
Let
〈A1,n1 , τλ〉
ι1 // 〈A1,n2 , τλ〉
ι2 // 〈A1,n3 , τλ〉
ι3 // · · ·
〈Mn1 , tr〉 //
OO
〈Mn2 , tr〉 //
OO
〈Mn3 , tr〉 //
OO
· · ·
be the inductive system we saw before Lemma 5.7. Then, by Lemma 5.8, there
exists a unitary u inMwith ‖u−1‖ < δ′ and e′i j := u
[
ι(1⊗ei j)]u∗ ∈ ⋃kMnk . We shall
denote by B the finite dimensional simple C*-subalgebra generated by {e′i j}. Note
that the inequality ‖ι(1⊗ei j)−e′i j‖ < 2δ′ ≤ ε holds for all i, j. Also, if B is included
in Mnk , then Mnk is canonically isomorphic to B ⊗Mnk/n. Now, take a ∈
⋃
kMnk
with ‖a − ι(id[0,1] ⊗1)‖ < δ′. By Lemma 5.7, we may assume without loss of
generality that a is a positive element with ‖a‖ ≤ 1. Then ‖ae′i j − e
′
i ja‖ < 6δ, so
by Lemma 5.9, there exists a positive element a′ ∈ ⋃kMnk which commutes with
every element of B and satisfies the inequalities ‖a′−ι(id[0,1] ⊗1)‖ < (6n2+1)δ′ ≤ δ
and ‖a′‖ ≤ 1. By definition of δ, we have ‖ fc,d(a′) − ι( fc,d ⊗ 1)‖ < 1/N for 0 ≤ c <
d ≤ N.
Let k0 be sufficiently large so that both B and a′ is included in Mnk0 and m :=
nk0/n is a multiple of N. Since the commutant B′ ∩Mnk0 is canonically isomorphic
toMm, the positive element a′ can be identified with a diagonal matrix ofMm, say
diag[t1, . . . , tm]. Without loss of generality, we may assume t1 ≤ · · · ≤ tm. Then we
have
tr
(diag[ fc,d(t1), . . . , fc,d(tm)]) = trM( fc,d(a′))
≥ τλ( fc,d ⊗ 1) − 1/N = (d − c)/N.
This inequality together with Hall’s marriage theorem implies that the real num-
bers tmc/N+1, . . . , tm(c+1)/N are included in [(c − 1)/N, (c + 2)/N]. Consequently, the
element
a′′ := diag[r1, . . . , rm] ⊗ 1 ∈ C([0, 1],Mm) ⊗ B ≃ A1,nk0
satisfies ‖a′′−a′‖ ≤ 3/N < ε/2, where r1, . . . , rm are as in the proof of Theorem 5.4.
One can easily check that the K -embedding η : A1,n → A1,nk0 defined by
η(1 ⊗ ei j) := e′i j, η(id[0,1] ⊗1) = a′′
has the desired property. 
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